
A Systematic Approach for Modeling
Chromatographic Processes—

Application to Protein Purification
Sharon Chan

Centre for Process Systems Engineering, Dept. of Chemical Engineering,
University College London (UCL), London, U.K.

Nigel Titchener-Hooker and Daniel G. Bracewell
Advanced Centre for Biochemical Engineering, Dept. of Biochemical Engineering,

University College London (UCL), London, U.K.

Eva Sørensen
Centre for Process Systems Engineering, Dept. of Chemical Engineering,

University College London (UCL), London, U.K.

DOI 10.1002/aic.11441
Published online February 26, 2008 in Wiley InterScience (www.interscience.wiley.com).

In this article, a systematic approach is presented which allows the estimation of
model parameters including isotherm parameters for equilibrium-dispersive and gen-
eral rate models including a procedure for how to subsequently select the most appro-
priate isotherm and model for a given application. The approach consists of three
parts: determination of feed concentration, parameter estimation, and model selection.
Accurate modeling of any separation process depends on the starting point, i.e. the
feed and the feed concentration, however, for many chromatographic separations, this
concentration is unknown. The first part of this work therefore presents a systematic
procedure for feed concentration determination. The estimation of isotherm or other
model parameters is done using the simulation and optimization tool gPROMS.
Finally, the predictions from each model alternative are then compared using fractio-
nation and maximum purification diagrams. The estimation approach is successfully
applied to three case studies, including purification of alcohol dehydrogenase from a
yeast homogenate supernatant and gradient elution ion-exchange of myoglobin, which
illustrate the approach and the relative suitability and range of application of the mod-
els in describing the behavior of complex chromatographic separations. It is found
that, while the equilibrium-dispersive model is a good approximation in most cases,
there are cases when the more detailed general rate model is required. � 2008 Ameri-

can Institute of Chemical Engineers AIChE J, 54: 965–977, 2008
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Introduction

Chromatography is a key separation technique in the bio-
logical, pharmaceutical, and fine chemical industries. As
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such, there is much interest in the modeling and optimization
of process-scale chromatography as such studies allow for
the investigation and screening of different design and oper-
ating alternatives with minimal experimental effort. However,
to achieve this, accurate mathematical models of the chro-
matographic process are needed. Much of the work published
on developing such models considers only analytical scale
separations and further experimental work often needs to be
performed to obtain all the required model parameters. Little
research has been conducted on developing models for more
complex separations. Thus, there is a need for a systematic
approach to: (1) determine the model parameters in chroma-
tography models from experimental data and (2) to select the
most appropriate model for a given application.

In this work, a novel systematic approach is proposed for
obtaining accurate model parameters from experimental and
literature data based on commonly used chromatography
models—demonstrated here using the equilibrium-dispersive
(ED) model and the general rate (GR) model. A key feature
in the approach is a procedure for approximating the feed
concentration for mixtures where this is unknown, as is com-
mon for complex mixtures.

The objectives of this work are therefore to demonstrate:
(1) a procedure for determining the feed concentration of an
unknown mixture, (2) a procedure for determining model pa-
rameters including isotherm parameters, and (3) a graphical
selection procedure for determining which model is most
appropriate for a given process. The overall approach pro-
vides a tool for model development, as well as establishing
guidelines for how to determine which model is appropriate
for a given application.

Chromatography Models in Literature

Several mathematical models of chromatographic proc-
esses are available in the literature and have been applied
successfully for the calculation of the band profiles obtained
in chromatography.1 Models studied in the literature include
the ideal model, the ED model, and the GR model, with the
latter two being most widely used.

The ED model accounts only for a finite extent of axial
dispersion as it uses an apparent lumped dispersion coeffi-
cient to account for any band-broadening effects. It is accu-
rate provided the mass transfer in the chromatographic col-
umn is controlled only by molecular diffusion across the mo-
bile phase flowing around the packing particles and that the
exchange between the stationary and mobile phases is very
fast.1 The model has been used extensively and verified
against experimental data, and the success in employing the
ED model in modeling and optimizing preparative chroma-
tography has been clearly demonstrated.2–5

The GR model is widely acknowledged as being the most
comprehensive among the chromatography models available
in the literature1,6,7 as it accounts for axial dispersion and all
the mass transfer resistances, e.g. external mass transfer of sol-
ute molecules from bulk phase to the external surface of the
adsorbent, diffusion of the solute molecules through the parti-
cle pores, and adsorption-desorption processes on the site of
the particles. It has been successfully employed in many chro-
matography applications including complex processes such as
simulated moving bed chromatography.6,8–13 However, the GR

model requires knowledge of a relatively large number of pa-
rameters to characterize the axial dispersion, external mass
transfer and effective diffusion through the pores, and some of
these parameters are difficult to measure accurately.6 The GR
model also involves two partial differential equations in its
mass balances, and is therefore more computationally demand-
ing than the simpler chromatography models.

Although the ED and GR models are the most popular in
the literature, there are trade-offs associated with each. The
ED model can be solved in a short time but with only a fair
degree of accuracy, while the GR model captures the process
dynamics more accurately, as it takes into account all the
mass transfer resistances in the process, but it is computation-
ally expensive. The application of either model, however,
also requires the knowledge of how to obtain the model pa-
rameters from experimental and literature data as well as how
to select the most appropriate model for a given application.

There has been some work in the literature which has com-
pared the ED and GR models to other models such as the
transport-dispersive model, which uses a lumped dispersion
coefficient and a lumped mass transfer coefficient,5,13 and the
lumped pore diffusion model, which is a simplified form of
the GR model employing a lumped overall mass transfer
coefficient.14 However, much of this work compares the mod-
els on a theoretical basis, or examines the conditions under
which the models are applicable, using experimental results
of simple systems on an analytical scale. There is thus a need
for a systematic approach to discern which of the models are
appropriate for complex separations, such as those found in
biopharmaceutical applications, as well as how best to deter-
mine the parameters in the models. Note that, in this article,
only the ED and GR models will be considered but the
approach presented can be applied to any chromatography
models irrespective of modeling complexities.

The approach can also be applied when studying iso-
therms, for the ED, GR, or any other model, and can be used
to determine which isotherm model best describes a separa-
tion. This problem was also considered by Forseen et al.15

although their ED model was simplified, as was the calcula-
tion of the Jacobian, to reduce the calculation time. Their
approach was demonstrated on two systems, but both with
only two components.

Systematic Approach for Model Parameter
Determination

In this section, our approach for determining model parame-
ters in a chromatography model is proposed. In the current liter-
ature, there are no methodical means by which unknown model
parameters can be estimated for a mixture which consists of
many unknown components. For example, for complex biomix-
tures containing several impurities, the actual composition of
the feed is often unknown. The proposed approach details how
the feed concentration may be approximated and demonstrates
that detailed information of all the components in the mixtures
is not necessary for successful model development. Neverthe-
less, some information is still needed for an accurate represen-
tation of the process, as will be discussed shortly.

The approach distinguishes between known and unknown
model parameters, and these may again either be common to
all the models considered or distinct to only one model.
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Known model parameters are those that can be determined
from the literature or the experimental set up. Some parame-
ters are common in both the ED and the GR models and
known common model parameters, such as column length L,
column diameter DC, particle radius RP, and flow-rate of the
mobile phase Q, are easily found from the experimental set-
up. Other common model parameters, such as the feed con-
centration of the components and the isotherm parameters,
may not be readily known, and are denoted unknown com-
mon model parameters and these must be estimated.

The distinct model parameters, which are the parameters
characteristic of each model include the apparent axial dis-
persion coefficients in the ED model and the mass transfer
resistance coefficients in the GR model. In this article, these
parameters are determined using literature correlations
(summarized in Tables 1 and 2), although as previously
mentioned, they may also be estimated as part of the
approach.

Procedure for feed concentration determination

In most industrial separations, the total concentration of
the overall feed mixture is normally known. However, in
complex separations where the feed contains impurities or
many unknown components, the relative amount of each
component or impurity is not generally known. To identify
and model all of the components, and their associated model
parameters, is difficult and time consuming. Thus a proce-
dure to determine which are the necessary components for
accurate modeling is needed.

The procedure developed in this article for feed concentra-
tion determination assumes that, for a mixture containing
several unknown components in the feed, a set of chromato-
graphic data in the form of chromatograms exists. The proce-
dure also assumes that the identities of some of the compo-
nents are known and chromatographic data on at least one
component as well as that of the total mass of components
eluted is required. The data itself, however, may provide lit-
tle information as to the actual make-up of the feed mixture.

Figure 1 outlines the procedure for feed concentration
determination from experimental chromatograms where some
of the feed component concentrations are unknown. The pro-
cedure consists of a series of steps which are detailed below
(each step is illustrated in detail in Case study 1 later):

Step 1: In the first step, input parameters are identified
and defined: NT is the assumed total number of components
in the feed mixture and NNP is the number of peaks on the
chromatogram. RC is a confidence ratio and is employed in
the procedure to determine a reasonable number of compo-
nents for which the estimated parameters are likely to be
statistically significant. If too many components are fitted to

too little data, the parameter values become meaningless as they
are not statistically significant. The confidence ratio RC ensures
that this will not be the case. Care must be taken, however, in
choosing RC and some trial-and-error with larger or smaller RC

values may be necessary. (It is our experience that an RC value of
2 ensures sufficient accuracy in the estimation.)

Step 2: In the next step, known components in the feed
mixture which are likely to be retained on the column are
identified. The characteristic property of the chromatographic
separation will be known at this stage, e.g. affinity for sta-
tionary phase, molecular size, or hydrophobicity, as these
characteristics determine if the components will be retained.
The number of unretained components is identified as NR.

Step 3: In the third step, the number of feed components
appearing in negligible amounts, NS, is identified. The total
number of components which bind to the column and are
subsequently eluted to form the chromatogram is then NC, or
NC 5 NT 2 NR 2 NS. Thus, components small in quantity
(NS) or not retained on the column (NR) are not included in
the model.

Table 1. Equilibrium-Dispersive Model: Distinct Model
Parameters and Correlations

Parameters Symbol Correlation

Total porosity13 eT eT ¼ eB þ 1� eBð ÞeP
Plate number16 Np Np ¼ 5:54 tR

w1=2

� �2

Apparent dispersion coefficient1 Dap,i Dap;i ¼ uL
2Np

Dead time9 t0 t0 ¼ pd2LeB
4Q

Table 2. Rate Model: Distinct Model Parameters
and Correlations

Parameters Symbol Correlation

Particle porosity1 eP 0.5
Bed porosity17 eB 0.4
Axial dispersion

coefficient18
Dax,i

vL
Dax

¼ L
2RpeB

0:2þ 0:011Re0:48ð Þ

Effective diffusivity
coefficient19

De,i De;i ¼ Dm;ið1� 2:104k
þ 2:09k3 � 0:95k5Þ=stor

Mass transfer resistance
coefficient20

Kpm,i Kpm;i ¼ 0:687v1=3 eBRP

Dm;i

� ��2=3

Figure 1. Procedure for determining feed concentration
from an experimental chromatogram.
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Step 4: In the fourth step, pseudocomponents are defined
by lumping together components which have similar proper-
ties as they will elute in the same manner. This gives N0

C the
number of components to be modeled. The lumping reduces
the number of variables which need to be considered in the
simulation and thereby reduces the complexity of the prob-
lem. This is required because, if too many parameters were
to be estimated from limited data, the resulting predictions
would not be accurate enough.

Step 5: In the fifth step, the ratio of the number of mod-
eled components to the number of peaks on the chromato-
gram, N0

C/NNP, is determined. N0
C cannot be less than NNP as

this would suggest that there are fewer components in the
model than in the experimental data. However, at the same
time, the estimated parameter values obtained may not be
statistically significant if too many parameters are estimated
simultaneously. Thus, a decision block is set up where the
calculation continues to Step 6 only if the ratio N0

C/NNP fulfils
the criterion of a lower bound at 1 and an upper bound at
RC. Otherwise, the process is repeated from Step 2, and the
number of components considered is re-evaluated. (It is our
experience that an RC value of 2 ensures sufficient accuracy
in the estimation.)

Step 6: In this step, the components (both pseudocom-
ponents and real) from Step 5 may now be regarded as the
total number of components present in the separation for
the purposes of modeling the process. The magnitude of
the characteristic property of the components (e.g. affinity,
molecular size, or hydrophobicity) is used to determine the
interactions of the components with the stationary phase,
and thus the order in which they will elute from the
column.

Step 7: In the seventh step, the chromatogram peaks are
identified by the order of elution of the components which
was determined in Step 6. Determining which component(s)
belongs to which peak when there are more components than
peaks, is done by considering the relative amounts present in
the feed and the size of the peaks. If this is ambiguous, then
some trial-and-error may be necessary.

Step 8: In the final step, the feed concentration for each
component is calculated using the trapezium rule on the area
under each peak on the chromatogram.

The procedure is illustrated in three case studies shortly.

Procedure for parameter estimation of unknown
parameters

Having obtained both the common and distinct model pa-
rameters from either the experimental setup or from literature
correlations, what remains to be determined are normally the
isotherm parameters and these are often determined experi-
mentally. However, in cases where only limited chromato-
graphic data is available and no further experimental work
can be done, parameter estimation may be used to determine
the unknown isotherm parameters. Parameter estimation
refers to the process of obtaining the unknown values of the
parameters by matching the model predictions to the avail-
able sets of experimental data.15

In the approach proposed in this article, it is assumed that
the values of the isotherm parameters are not known, and
that these need to be determined by parameter estimation.
Should the isotherm parameters already be known, parameter
estimation may be used to estimate other coefficients, e.g.

Figure 2. Process flowchart for estimating model parameters.
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the effective diffusivities in the GR model. Such coefficients
are usually not included because the increase in the number
of estimated parameters based on limited experimental data
renders the parameter values obtained statistically unreliable.

In this section, the proposed procedure for estimating
unknown model parameters is outlined as shown in Figure 2.
All the trapeziums and boxes are labeled numerically, while
the decision blocks (diamond-shaped figures) are labeled
using Roman numerals. The procedure is as follows:

Trapezium 1: Compile the experimental chromatographic
data of the process.

Trapezium 2: Program the model of the process in the
chosen modeling software (in this work, gPROMS is used21).

Box 3: Set the bounds for the parameters to be estimated.
The parameters are estimated within the range imposed by
the bounds.

Box 4: Initialize the values of the estimated parameters.
During all the test runs, the parameter estimation will use
these values as initial guesses.

Box 5: Carry out the parameter estimation (in this work,
gPROMS is used21).

Decision i: Determine if the model prediction fits the
shape of the experimental data given in Trapezium 1. If it
does, proceed to the next step; otherwise return to Box 4 and
change the values for initialization.

Decision ii: Check that the estimated parameter values do
not lie on the bounds set in Box 3. If they do, return to Box
3 to increase the bounds; if not proceed to the next step. (If
values lie on the bound, it may mean the parameter estima-
tion has been constrained by the bounds on that parameter.)

Decision iii: Check that the estimated parameter values
obtained reflect the process accurately based on previous
knowledge of the process. With the limited data provided for
parameter estimation, the estimated parameters may not
reflect certain aspects of the behavior correctly, e.g. the elu-
tion order or band width. If it does reflect the actual process,
then the parameter estimation comes to an end. However, if
it does not, then proceed to Box 6.

Box 6: Examine the model equations to determine why
there is a discrepancy between the model prediction and the
experimental data.

Decision iv: If the model is working correctly but the dis-
crepancy is still present, proceed to Box 7. If it is determined
not to be working correctly, then proceed to Box 8.

Box 7: Examine that the experimental data used in the
estimation is correctly entered and proceed to Decision v.

Box 8: Revisit the model and the modeling assumptions.
Return to Trapezium 2.

Decision v: If the experimental data input has been
entered wrongly for the parameter estimation, proceed to
Box 9. If the experimental data given is correct, proceed to
Decision vi.

Box 9: Correct the experimental data input and return to
Trapezium 1.

Table 3. Case Study 1: Dimensions of Column

Parameter Symbol Units Value

Column length L cm 15
Column diameter DC cm 60
Particle radius RP lm 45
Volumetric flowrate Q ml/min 5,640 (about

120 cm3/h)
Load volume ml 148,000
Total component concentration mg/ml 15

Figure 3. Component 6 chromatogram (x, experimental
data; —, GR model; ---, ED model).

Figure 4. Total mixture chromatogram (x, experimental
data; —, GR model; ---, ED model).

Table 4. Case Study 1: Known Components With
Characteristic Property

Component
Molecular
Weight (Da)

Amount
Present (%)

Characteristic
Property Value

A 50,000 5 7
B 150,000 5 7
C 55,000 11 8
D 15,000 8.3 9
E 40,000 9 10
F 10,000 23 11
G 30,000 7 12
H 6,000 5 12
I 150,000 10 1
J 62,000 15 2
K 23,000 0.5 7
L 16,000 1.2 9P

5100
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Decision vi: Determine if there is any additional data
available on the experiment. If there is additional data, pro-
ceed to Box 10. If there is no additional data on the experi-
ment, proceed to Box 11.

Box 10: Add the additional experimental data to the input
data and return to Trapezium 1.

Box 11: There is probably insufficient data for accurate
parameter estimation. Since there is no additional data to be
gathered, reduce the number of parameters to be estimated
by making additional simplifying assumptions, e.g. by fixing
some of the parameters, or redefining the pseudocomponents.
This entails returning to Box 8 and revisiting the model.

The procedure ends successfully when the parameters esti-
mated reflect the process at Decision iii to a predetermined
level of tolerance, or unsuccessfully if there is insufficient
data for parameter estimation.

Procedure for model selection

The procedures outlined in the previous sections are used
to obtain the model parameters for all candidate models (in
this work, the ED and GR models). The predictions from
each model are then compared with the original experimental
data to determine which of the models best predict the data.
However, merely examining the goodness-of-fit of the model
against the experimental data is not sufficient. Since a differ-
ence between predicted and experimental data is inherent,
the crucial issue is which of the models will be the closest fit
to the data and this may not be easily discernable by merely
examining the chromatograms. What is needed is a means by
which any deviation of the predicted data from the experi-
mental data is highlighted.

Fractionation and maximum purification factor diagrams
are recent graphical methods used to illustrate the trade-off
between purity and recovery in chromatographic perform-
ance.22 The diagrams are highly sensitive to how small
changes in the chromatogram affect the purity and recovery
of the process. Thus, by using these diagrams to compare the
predicted and experimental data, the closeness between the
predications and reality is made much more evident. This in
turn will help the user to decide which of the models is best
suited to describe the process as illustrated in the following
case studies.

Case Studies

In the previous section, a systematic approach has been
described where model parameters are estimated and the
most appropriate model selected for a given separation pro-
cess. In this section, the approach is illustrated for three case
studies. The first case study is theoretical and is included to
illustrate the steps in the approach, as well as to validate the
parameter estimation technique. The second and third case
studies employ real data using two different types of com-
plex chromatography separations to illustrate the suitability
of the approach.

Case study 1

The first illustration is a theoretical case study of modeling
a step elution hydrophobic interaction chromatographic sepa-
ration of 12 components, of which only the amount of one
component (Component 6) is known. The dimensions of the
column are shown in Table 3. The ‘‘experimental’’ data for
this case study was generated using the GR model and are

Table 5. Case Study 1: Pseudocomponents and Feed Component Concentrations

Component Pseudocomponent Average Molecular Weight Amount Present (%) Characteristic Property Concentration (mg/ml)

A and B 1 100,000 10 7 1.23
C 2 55,000 11 8 1.50
D 3 15,000 8.3 9 2.13
E 4 40,000 9 10 1.14
F 5 10,000 23 11 3.20
G and H 6 20,000 12 12 1.80

Table 6. Case Study 1: Distinct Model Parameters

Equilibrium-Dispersive Model Parameters

Parameter Symbol Value
Total porosity eT 0.7
Dead time (s) t0 315
Plate number Np 12.4
Apparent dispersion coefficient 3103 (cm2/s) Dap,i 29

General Rate Model Parameters

Parameter Symbol Value
Particle porosity eP 0.5
Bed porosity eB 0.4
Axial dispersion coefficient 3103 (cm/s) Dax,i 1.48

Components i 1 2 3 4 5 6
Effective diff. coefficient 3107 (cm2/s) De,i 7.64 1.08 2.04 1.27 2.43 1.78
Mass transfer coefficient 3103 (cm/s) Kpm,i 1.43 1.63 2.18 1.75 2.38 1.04
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given in Figure 3 for Component 6 and in Figure 4 for the
total mixture. To reflect the limitations encountered in gath-
ering industrial data, the only data used in the approach is of
the one known component and of the total concentration.
The primary purpose of this case study is to demonstrate the
viability of the parameter estimation technique by comparing
the estimated values obtained for the ED and GR models
using the approach with the actual values employed in the
GR model when generating the data.

Determining the Feed Concentration. Table 4 lists the
components, and their known characteristic properties, which
are present in the separation. The value of the property is
used as an indication of the strength of a component’s affin-
ity for the stationary phase, with higher values having a
stronger affinity for the stationary phase. Components with
very low values do not bind to the stationary phase but rather
go straight through the column. As they do not appear in the
elution chromatogram, they are thus not considered in the
simulation. Figure 1 showed the procedure for feed concen-
tration determination which will now be applied to this case
study:

Step 1: NT is the total number of components in the feed
mixture, NT 5 12. NNP, the number of peaks on the chromat-
ogram, can be observed from Figure 4 to be 4 distinguishable
peaks. RC, the confidence ratio, is defined as 2.

Step 2: From Table 4, Components I and J have separa-
tion properties which are much lower than the other compo-
nents and are therefore considered to go straight through the

column, i.e. NR 5 2. The number of components which will
bind to the column is thus NT 2 NR 5 12 2 2 5 10.

Step 3: In the next step, negligible amounts of compo-
nents that are present in the mixture are grouped. From Table
4, the amounts of Components K and L are significantly
lower compared to the rest of the component and these com-
ponents are therefore regarded as negligible in the process,
thus NS 5 2. The number of components eluting from the
column is NC, i.e. NC 5 NT 2 NR 2 NS 5 8. Thus, compo-
nents small in quantity (NS), and not retained on the column
(NR), are not included in the model. (Note that if impurities
are present which will have a significant impact on the sepa-
ration in the column, they should be considered even if pres-
ent in only very small quantities.)

Step 4: Components with similar chromatographic prop-
erties are lumped to form pseudocomponents. Components A
and B are lumped to form Component 1, while G and H are
lumped to form Component 6. (Table 5 lists the pseudocom-
ponents.) N0

C, the number of components used in the model,
is thus 6. (The molecular weights of the pseudocomponents
are here assumed to be the arithmetic averages of the original
components.)

Step 5: The ratio of the number of modeled components
to the number of peaks on the chromatogram, N0

C/NNP, is 6/4.
This value is less than the confidence ratio RC of 2, thus the
six modeled components can be fitted to the four peaks, and
the calculation continues to Step 6.

Step 6: The components (both pseudocomponents and
real) from Step 5 may now be regarded as the only compo-
nents present in the separation for the purpose of modeling
the process, hence N0

C 5 6. The magnitude of the characteris-
tic property of the components (which the separation is based
on) is used to obtain an estimate of the order in which the
components elute from the column (see Table 5).

Table 7. Case Study 1: Comparison Between Model Parameters and Estimations for Isotherm Parameters*

Parameter

Parameter Estimation Data Generation

Initial Value Lower Bound Upper Bound Estimation GR Model

K11 90 65 250 87.2 100
K12 90 80 250 109 100
K13 90 80 250 104 100
K14 90 80 250 125 100
K15 90 80 250 90 100
K16* 90 80 250 100 100
K21 0.1 0.05 1 0.14 0.1
K22 0.1 0.05 1 0.26 0.3
K23 2 0.1 5 2.45 2.5
K24 2 0.1 30 6.45 8
K25 2 0.1 30 10.1 10
K26* 2 0.05 30 22.0 22

*Experimental Data Supplied.

Table 9. Case Study 2: Dimensions of Column

Parameter Symbol Units Value

Column length L cm 12.5
Column diameter DC cm 1.6
Particle radius RP l m 45
Volumetric flowrate Q ml/min 2.5
Load volume ml ;250 (10CV)
Total component concentration mg/ml 10

Table 8. Case Study 1: Comparison Between Model
Parameters and Estimations for General Rate Model

Diffusivity Coefficients*

Parameter

Parameter Estimation
(31027) Data Generation

Initial
Value

Lower
Bound

Upper
Bound Estimation GR Model

Dc,1 0.2 0.1 10 0.97 0.72
Dc,2 1.0 0.1 10 0.78 1.05
Dc,3 2.0 0.1 10 1.92 2.02
Dc,4 1.0 0.1 10 1.18 1.25
Dc,5 2.0 0.1 10 2.47 2.43
Dc,6* 2.0 0.1 10 1.78 1.77

*Experimental Data Supplied.
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Step 7: The chromatogram peaks are identified by the
order of elution of the components—Peak 1 is made up of
Components 1 and 2 (i.e. pseudocomponent of A and B and
Component C); Peak 2 is Component 3 (Component D), Peak
3 is Components 4 (Component E) and 5 (Component F),
while Peak 4 is Component 6 (pseudocomponent of G and H).

Step 8: The feed concentration for each component is cal-
culated using the trapezium rule on the area under each peak
on the total component mass and Component 6 chromato-
grams, and are given as the last column of Table 5.

Determining the Isotherm Parameters. The common and
distinct model parameters can be determined from the experi-
mental data and literature correlations. For this case study,
the distinct parameters for both the ED and the GR models
were obtained using the correlations in Tables 1 and 2 and
the results are shown in Table 6.

The remaining parameters to be estimated are the isotherm
parameters. Any isotherm model may be employed when
using the approach presented in this article although a linear
isotherm is used here to simplify this case study. The process
uses step elution, where the mobile phase, and therefore also
the isotherm, is changed during the process. Thus, for each

component there are two isotherm parameters to be esti-
mated, giving a total of 12 estimated parameters.

It is assumed that the final component eluted, Component
6, is the desired product. As data on all components are usu-
ally not available in a real process, only chromatograms for
Component 6 and the total protein concentration are used for
the model parameter estimation as explained earlier. The
model predictions for both the ED and the GR model are
given together with the experimental data in Figures 3 and 4.
It can be seen that the ED model predicts the general trend
for the total protein concentration (Figure 4) well. However,
it is poorer at capturing the process dynamics for the individ-
ual elution profile of Component 6 (Figure 3), where the start
of elution is predicted to be after the actual elution process.

Parameter Estimation Verification. The main purpose of
this case study is to validate the parameter estimation tech-
nique used. Table 7 shows the original GR model parame-
ters used to generate the experimental data, and the GR
model parameters estimated using only the data for Compo-
nent 6 and for the total protein (i.e. Figures 3 and 4). Dif-
ferent initial values for the estimated parameters were used
in the estimation. By comparing the estimated parameters
(second to the last column) with the values used when gen-

Figure 6. Case study 2: Alcohol dehydrogenase chro-
matogram (*, experimental data; —, GR
model; ---, ED model).

Table 10. Case Study 2: Pseudocomponents

Comp. No.
Feed Conc.
(mg/ml)

Mol.
Weight (Da) Gene Name Description

Charge
Value*

Protein Abundance†

(103 copies/cell)

1 0.03 5,500 PYK1 Pyruvate kinase 4.5 225.3
YLR109W Alkyl hydroperoxide reductase 24.5 94.4

2 0.2 69,000 ENO2 Enolase II 4 775
PGK Phosphoglycerate kinase 24 338.9

3 0.2 61,000 PDC1 Pyruvate decarboxylase 23 326
4 0.2 35,800 TDH2 Glyceraldehyde-3-phosphate dehydrogenase 2 2 992.5
5 0.06 36,800 ADH1 Alcohol dehydrogenase 1 887.8

PSA1 Mannose-1-phosphate guanyltransferase 21 96.4

*Values from GeneED database.
†Values from Gygi et al.24

Figure 5. Case study 2: Total protein chromatogram
(*, experimental data; —, GR model; ---, ED
model).
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erating the data (last column), it can be seen that the param-
eter estimation technique is very successful. It can also be
seen that the best fit is obtained for Component 6, which is
expected as this is the only component where individual
data was available.

The parameter estimations for the ED model and the GR
model take 1226 and 6827 CPU seconds, respectively, show-
ing that the ED model is still useful for general predictive
purposes, with a faster computational time, although the pre-
dictions are not as accurate.

Determining Other Parameters. In the previous section,
parameter estimation was used to estimate the isotherm pa-
rameters, while other parameters were predicted using litera-

ture correlations. If, however, the isotherm parameters are al-
ready known, the procedure can instead be used to predict
other model parameters. Estimating too many parameters
numerically will render the values obtained statistically insig-
nificant with low confidence levels. Therefore, predicting
both isotherm parameters and diffusivity parameters from the
same data is not recommended.

Table 8 shows a comparison between coefficients for the
GR model used when generating the ‘‘experimental’’ data
and those estimated using the parameter estimation procedure
assuming that the isotherm parameters are known. It can be
seen that again a good agreement is found.

Case study 2

The second case study considers the purification of a labile
protein, alcohol dehydrogenase (ADH), from a yeast homog-
enate supernatant using hydrophobic interaction chromatogra-
phy as described by Smith et al.23 (data in Table 9). As
experimental data, only the ADH and total protein chromato-
grams are available (Figures 5 and 6).

Determining the Feed Concentration. Figure 5 identifies
the number of peaks NNP as 3; one very small peak in the
front, a tall one in the center of the chromatogram, and the
third mostly made up of ADH. The feed mixture is yeast ho-
mogenate. The work of Gygi et al.24 provides an extensive
list of genes of proteins found in yeast Saccharomyces cere-
visiae. Using the figures from their article, the total number
of proteins, NT is found to be 127. It is not known which of
the yeast proteins (ADH aside) will bind to the column.
Hence the characteristic property is deduced from the charge
on the protein, listed on the GeneDB website (http://www.ge-
nedb.org/). The charge value provides an indication as to the
hydrophobicity of the protein, and thus, whether or not it
binds to the column. ADH has a charge of 1. Proteins with
charge values close to this will be expected to bind to the
column. Components with a charge greater than 4 are consid-
ered to be proteins which do not bind and these are grouped
to form NR, which is found to be 62. Fifty-seven components
are present in negligible amounts (NS) based on the protein
abundance per cell given by Gygi et al.24 Thus the number
of components binding to the column, NC 5 NT 2 NR 2 NS

Table 11. Case Study 2: Distinct Model Parameters

Equilibrium-Dispersive Model Parameters

Parameter Symbol Value
Total porosity eT 0.7
Dead time (s) t0 243
Plate number Np 108
Apparent dispersion coefficient 3103 (cm2/s) Dap,i 3

General Rate Model Parameters

Parameter Symbol Value
Particle porosity eP 0.5
Bed porosity eB 0.4
Axial dispersion coefficient 3103 (cm/s) Dax,i 0.925

Components i 1 2 3 4 5
Effective diffusivity coefficient 3107 (cm2/s) De,i 1.00 2.01 0.92 1.32 1.30
Mass transfer coefficient 3103 (cm/s) Kpm,i 1.02 1.32 1.00 1.12 1.12

Table 12. Case Study 2: Values Used in the Parameter
Estimation for the Equilibrium-Dispersive and the General

Rate Models

Parameter estimation

Initial
Value

Lower
Bound

Upper
Bound Estimation

ED Parameter
b11 5 2 50 47.9
b12 10 8 25 16.3
b13 10 8 30 16.8
b14 10 8 50 15.6
b15* 30 15 50 19.3
b21 0.5 0.3 10 0.88
b22 0.5 0.3 10 1.67
b23 0.5 0.3 10 0.98
b24 0.7 0.5 10 1.29
b25* 1.6 1 10 2.27
C1 8.8 4 8.8 8.46
GR Parameter
b11 45 10 100 19.58
b12 90 10 300 41.14
b13 155 20 300 280.31
b14 200 50 350 309.61
b15* 200 10 350 14.61
b21 0.071 0.03 0.2 0.042
b22 0.143 0.05 0.5 0.219
b23 0.200 0.05 0.5 0.418
b24 0.167 0.05 0.5 0.294
b25* 0.556 0.20 1.0 0.741
C1 8.8 4 8.8 7.79
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5 8. Three pseudocomponents are formed, each consisting
of two components, to give the number of components used
in the model, N0

C 5 5. The data for these components are
given in Table 10. The ratio N0

C/NNP 5 5/3 and the criteria 1
� N0

C/NNP \ RC, where RC is 2, is fulfilled.
Five components are thus to be modeled and the feed con-

centrations of these are determined from the chromatogram.
The first peak contains Component 1, the second peak is
made up of Components 2, 3, and 4, while Component 5
(ADH) is the third peak. The concentrations are determined
from the area under each peak using the trapezium rule. It is
assumed that the feed concentrations of Components 2, 3,
and 4 are equally divided to form the concentration of the
second peak as there is no means of ascertaining their indi-
vidual concentrations.

Determining the Isotherm Parameters. The distinct pa-
rameters for both models were obtained using the correla-
tions in Tables 1 and 2 and are shown in Table 11. The com-
petitive Langmuir isotherm was used in this case study and
the parameters estimated are shown in Table 12 together
with the initial values and the lower and upper estimation
bounds. Figures 5 and 6 show the comparison between the
models predictions and the experimental chromatograms for
ADH and total protein concentration. The figures show simi-
lar trends to those in Case study 1, with the ED model pre-
dicting the general trend well for the total protein concentra-
tion but showing a poorer fit for the ADH.

Comparing the performance of the ED and GR models, it
is difficult to decide which model should be employed.
Merely judging the ‘‘goodness-of-fit’’ against the experimen-

Figure 8. Case study 2: Maximum purification diagram
for ADH (*, experimental data; —, GR model;
---, ED model).

Figure 9. Case study 3: Egg white protein chromato-
gram (*, experimental data; —, GR model;
---, ED model).

Figure 10. Case study 3: Myoglobin chromatogram (*,
experimental data; —, GR model; ---, ED
model).

Figure 7. Case study 2: Fractionation diagram of ADH
against total protein (*, experimental data;
—, GR model; ---, ED model).

974 DOI 10.1002/aic Published on behalf of the AIChE April 2008 Vol. 54, No. 4 AIChE Journal



tal chromatograms is subjective, especially if both models
look very similar. A graphical representation of the chroma-
tograms proposed by Ngiam et al.22 was therefore employed
to highlight any significant differences between the perform-
ances of the candidate models.

The fractionation diagram of the ADH product against the
total product for both models and the experimental data is
given in Figure 7 and shows the change in the elution of prod-
uct (ADH) against that of the total protein mixture eluted. The
maximum purification diagram is given in Figure 8 and shows
the trade-off between yield and purity of ADH for this separa-
tion. It can be seen from the figures that the GR model pre-
dicts the yield/purity relationship more accurately than the ED
model for the ADH protein. The area of interest in most biose-
parations lies in the region where the yield fraction is high,
i.e. 0.8–1. Both models show similar levels of predictive per-
formance in this region, although the GR model is slightly
superior. Thus, it may be concluded that, for this case study,
the GR model is the most suitable model.

Case study 3

The last case study considers ion exchange chromatogra-
phy (IEX) which is one of the most widely used techniques
for the purification of proteins in the biotechnology industry
and is generally employed in the first steps of large scale pu-
rification processes.25 The case study examines the more
demanding case of gradient elution ion-exchange chromatog-

raphy for a mixture of proteins from the work of Edwards-
Parton as described by Chan.26 With gradient elution, the
isotherm parameters change dynamically.

Determining the Feed Concentration. Figures 9 and 10
confirm that the number of peaks NNP is 4; three of the peaks
being egg white proteins, while the fourth peak is the myo-
globin. The feed mixture contains as many as 15 egg white
proteins, from which one protein is determined as being non-
binding to the column. This is deduced from the isoelectric
points, or pI values, of the egg white proteins, given by
Awade and Efstathiou.27 Of the remaining proteins, nine are
present in negligible amounts. Thus the number of compo-
nent binding to the column, NC, is 6. Two pseudocomponents
are formed, giving the number of components used in the
model N0

C equal to 4. The ratio N0
C/NNP 5 4/4 and the criteria

1 � N0
C/NNP \ RC, where RC is 2, is fulfilled. Four compo-

nents are to be modeled and the feed concentrations of these
are determined from the chromatogram and the results are
shown in Table 13. Individual extinction coefficients have
been used to account for the fact that the components do not
have the same detector response. The distinct model parame-
ters for both models are given in Table 14.

Determining the Isotherm Parameters. Figures 9 and 10
compare the model predictions against the experimental data
for the egg white proteins and the myoglobin. The fractiona-
tion and maximum purification diagrams are given in Figures
11 and 12, with myoglobin as the product. (It should be
noted that due to difficulties in estimating the parameters for

Table 13. Case study 3: Feed Concentrations

Component
Number Protein pI Value

Amount of Total
}Egg White Protein (%)

Average Molecular
Weight (MR)

Extinction
Coefficient (�)

Feed
Conc. (mg/ml)

1 Ovalbumin 4.5 54 40,000 32,180 0.03
Ovomuscoid 4.1 11

2 Ovotransferrin 6.0 12–13 77,700 85,000 0.2
3 Lysozyme 10.7 3.4–3.5 14,300 36,000 0.2
4 Myoglobin 7 – 16,000 160,000 0.2

pI value and protein amounts taken from Awadé and Efstathiou,27 MR and � values from Fasman.28

Table 14. Case Study 3: Distinct Model Parameters

Equilibrium-Dispersive Model Parameters

Parameter Symbol Value
Total porosity eT 0.7
Dead time (s) t0 15.43
Plate number Np 7
Apparent dispersion coefficient 3103 (cm2/s) Dap,i 28.5

General Rate Model Parameters

Parameter Symbol Value
Particle porosity eP 0.5
Bed porosity eB 0.4
Axial dispersion coefficient 3103 (cm/s) Dax,i 2.86

Components i 1 2 3 4
Effective diffusivity coefficient 3107 (cm2/s) De,i 2.62 1.83 4.26 4.05
Mass transfer coefficient 3103 (cm/s) Kpm,i 2.19 1.89 2.75 2.68

AIChE Journal April 2008 Vol. 54, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 975



the GR model, some of the distinct parameters were modified
from those found using the correlations in Table 2 to better
fit the experimental data. The gradient elution implemented
in this separation means the isotherm parameters change
dynamically during the process, which increases the difficulty
of parameter estimation.)

The fractionation diagrams and maximum purification fac-
tor diagrams (Figures 11 and 12) demonstrate that the per-
formance of both models in predicting the process behavior
improves for higher yields. When IEX is used in the first
few processing steps, it is important to keep the yield high
(even if not necessarily very pure) so that valuable product is
not lost, and thus the region of interest in the maximum puri-
fication diagram for bioseparations is usually a yield fraction
of 0.8–1. From Figure 12, it is clear that both models behave
similarly in this yield fraction region. From the results, it is
noted that the ED model is capable of predicting the process
behavior well for this case study. Given similar predictions
for ED and GR models, the ED model is preferable as it is
less complex and computationally inexpensive. One way of
improving the fit of the models for this case study would be
to find a more suitable isotherm than the Langmuir isotherm
which has been used here, although this has not been consid-
ered in this work.

Conclusions

This work has outlined an approach for modeling complex
chromatographic separations based on a combination of ex-
perimental data, literature correlations, and parameter estima-
tion. The approach allows the user to estimate model param-
eters and, subsequently, to evaluate the suitability of different
models for a given process based on previously obtained ex-
perimental sets. The approach was applied to three case stud-
ies of increasing complexity in terms of experimental infor-
mation and process dynamics. The approach was successful
in determining the model parameters and model evaluation

for all three processes. The GR model was shown to give
slightly better predictions, but the difficulty in obtaining its
model parameters means that, with similar model behavior,
the ED model is preferable.

In the case studies, the approach was applied to evaluate
the suitability of different chromatographic models, in partic-
ular, the ED and the GR models. The approach can also be
applied to consider different isotherm models and can esti-
mate the required isotherm parameter values as well as deter-
mine which isotherm best fits the experimental data.

This approach provides a useful tool to be used in con-
junction with experimental work, thereby reducing the
amount of experimentation required and thus saving
both time and cost. Indeed, the software used for the para-
meter estimation in this work, gPROMS21, has capabilities
for design of experiments which can greatly assist in such
work.
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Notation

DC5diameter of the column (cm)
Dap,i5 apparent dispersion coefficient (cm2/s)
Dax,i5 axial dispersion coefficient (cm/s)
De,i5 effective diffusivity coefficient of component i (cm2/s)
Dm,i5molecular diffusivity coefficient of component i (cm2/s)
K1i5first isotherm coefficient in Case study 1

Figure 11. Case study 3: Fractionation diagram of myo-
blobin against total protein (*, experimental
data; —, GR model; ---, ED model).

Figure 12. Case study 3: Maximum purification diagram
for myoglobin (*, experimental data; —, GR
model; ---, ED model).
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K2i5 second isotherm coefficient in Case study 1
Kpm,i5mass transfer resistance coefficient of component i

L5 length of column (cm)
NC5number of components retained
N0
C5number of components in model

NNP5number of peaks on the chromatogram
Np5plate number
NR5number of components not retained on column
NS5number of components with negligible amounts
NT5 total number of components
Q5flow-rate of mobile phase (mL/min)
RC5 confidence ratio
Rp5 radius of the particle (cm)
Re5Reynolds number
t05dead time (s)
tR5 retention time of component
u5 interstitial velocity (cm/s)
v5 interstitial velocity (cm/s)

w1/25width of the peak at half peak height
eB5bed porosity
eP5particle porosity
eT5 total porosity
k5 ratio of diameter of component to particle pore diameter

stor5 tortuosity of the component
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